Abstract: For an integer m ≥ 1, a combinatorial manifold M is defined to be a geometrical object M such that for ∀p ∈ M , there is a local chart (U p , ϕ p ) enable ϕ p : U p → B n i 1
§1. Introduction
As a localized euclidean space, an n-manifold M n is a Hausdorff space M n , i.e., a space that satisfies the T 2 separation axiom such that for ∀p ∈ M n , there is an open neighborhood U p , p ∈ U p ⊂ M n and a homeomorphism ϕ p : U p → R n . These manifolds, particularly, differential manifolds are very important to modern geometries and mechanics. By a notion of mathematical combinatorics, i.e. mathematics can be reconstructed from or turned into combinatorization( [3] ), the conception of combinatorial manifold is introduced in [4] , which is a generalization of classical manifolds and can be also endowed with a topological or differential structure as a geometrical object. Now for an integer s ≥ 1, let n 1 , n 2 , · · · , n s be an integer sequence with 0 < n 1 < n 2 < · · · < n s . Choose s open unit balls B A combinatorial manifold M is called finite if it is just combined by finite manifolds and smooth if it can be endowed with a C ∞ differential structure. For a smoothly combinatorial manifold M and a point p ∈ M , it has been shown in [4] 
with conditions following hold similar to the classical tensor analysis( [1] ).
Therefore, smoothly combinatorial manifolds poss a local structure analogous smoothly manifolds. But notes that this local structure maybe different for neighborhoods of different points. Whence, geometries on combinatorial manifolds are Smarandache geometries( [6] - [8] ).
There are two well-known theorems in classical tensor analysis, i.e., Stokes' and Gauss' theorems for the integration of differential n-forms on an n-manifold M, which enables us knowing that
n−1 (M) with compact supports and The main purpose of this paper is to find the revised Stokes' or Gauss' theorem for combinatorial manifolds, namely, the Stokes' or Gauss' theorem is still valid for nforms on smoothly combinatorial manifolds M if n ∈ H f M , where H f M is an integer set determined by the smoothly combinatorial manifold M . For this objective, we consider a particular case of combinatorial manifolds, i.e., the combinatorial Euclidean spaces in the next section, then generalize the definition of integration on manifolds to combinatorial manifolds in Section 3. The generalized form for Stokes' or Gauss' theorem can be found in Section 4. Terminologies and notations used in this paper are standard and can be found in [1] − [2] or [4] for those of manifolds and combinatorial manifolds respectively. §2. Combinatorially Euclidean Spaces
As a simplest case of combinatorial manifolds, we characterize combinatorially euclidean spaces of finite and generalize some results in eucildean spaces in this section.
Definition 2.1 For a given integer sequence n 1 , n 2 , · · · , n m , m ≥ 1 with 0 < n 1 < n 2 < · · · < n m , a combinatorially eucildean space R(n 1 , · · · , n m ) is a union of finitely euclidean spaces
By definition, we can express a point p of R by an m × n m coordinate matrix [x] following with
For making a combinatorially Euclidean space to be a metric space, we introduce inner product of matrixes similar to that of vectors in the next. 
and with equality hold only if (A) = λ(B), where λ is a constant.
. Now if there are no constant λ enabling (A) = λ(B), then (A) − λ(B) = O m×n for any real number λ. According to Theorem 2.1, we know that
Therefore, we find that
Op the vector correspondent to the point p similar to classical euclidean space, Then − → pq = − → Oq − − → Op. Theorem 2.2 enables us to introduce an angle between two vectors − → pq and − → uv for points p, q, u, v ∈ R(n 1 , · · · , n m ).
Then the angle θ between vectors − → pq and − → uv is determined by
with the condition 0 ≤ θ ≤ π.
Corollary 2.2 The conception of angle between two vectors is well defined.
Proof Notice that
by Theorem 2.2. Thereby, we know that
Therefore there is a unique angle θ with 0 ≤ θ ≤ π enabling Definition 2.3 hold. ♮ For two points p, q in R(n 1 , · · · , n m ), the distance d(p, q) between points p and q is defined to be
. We get the following result.
Proof We only need to verify each condition for a metric space is hold in ( R(n 1 , · · · , n m ); d). For two point p, q ∈ R(n 1 , · · · , n m ), by definition we know that 
We generalize the integration on manifolds to combinatorial manifolds and show it is independent on the choice of local charts and partition of unity in this section.
Partition of unity Definition Let M be a smoothly combinatorial manifold and ω ∈ Λ( M ). A support set Suppω of ω is defined by
and say ω has compact support if Suppω is compact in M . A collection of subsets
for finitely many indices i.
A partition of unity on a combinatorial manifold M is defined in the next.
We get the next result for the partition of unity on smoothly combinatorial manifolds. (
We define
is locally finite covering of the combinatorial manifold M by properties (1)
Then it can be checked immediately that {(U 
where the summation taken over all indices j such that V α(i) V α(j) = ∅. Those number j is finite by the local finiteness. ♮
Integration on combinatorial manifolds
First, we introduce integration on combinatorial Euclidean spaces. Let R(n 1 , · · · , n m ) be a combinatorially euclidean space and
The Jacobi matrix of f is defined by
where
) that the basis of
for a basis e 1 , e 2 , · · · , e n of R(n 1 , · · · , n m ) and its dual basis e 1 , e 2 , · · · , e n . Thereby the dimension of Λ l ( R(n 1 , · · · , n m )) is
Whence Λ n ( R(n 1 , · · · , n m )) is one-dimensional. Now if ω 0 is a basis of Λ n ( R), we then know that its each element ω can be represented by ω = cω 0 for a number c ∈ R. Let τ : R(n 1 , · · · , n m ) → R(n 1 , · · · , n m ) be a linear mapping. Then
is also a linear mapping with τ * ω = cτ * ω 0 = bω for a unique constant b = detτ , called the determinant of τ . It has been known that (
for a given basis e 1 , e 2 , · · · , e n of R(n 1 , · · · , n m ) and its dual basis e 1 , e 2 , · · · , e n ,
An integral of ω on U is defined to be a mapping
where the right hand side of (3.2) is the Riemannian integral of ω on U .
For example, consider the combinatorial Euclidean space R(3, 5) with
ω( 
has compact support and
Since τ is a diffeomorphism, the support of τ * ω is τ −1 (suppω), which is compact by that of suppω compact.
By the usual change of variables formula, since τ 
For a smoothly combinatorial manifold M (n 1 , · · · , n m ), it must be finite by definition. Whence, there exists an atlas
consisting of positively oriented charts such that for ∀α ∈ I, s(p) + 
The next result shows that the integral of n-forms, n ∈ H f M is well-defined. Proof By definition for any point p ∈ M (n 1 , · · · , n m ), there is a neighborhood U p such that only a finite number of g α are nonzero on U p . Now by the compactness of suppω, only a finite number of such neighborhood cover suppω. Therefore, only a finite number of g α are nonzero on the union of these U p , namely, the sum on the right hand side of (3.4) contains only a finite number of nonzero terms.
Notice that the integral of n-forms on a smoothly combinatorial manifold M(n 1 ,
for ∀p ∈ U ⊂ M (n 1 , · · · , n m ) by (3.3) and Definition 3.3. Whence each term on the right hand side of (3.4) is well-defined. Thereby e P ω is well-defined. Now let P = {( U α , ϕ α , g α )|α ∈ I} and Q = {( V β , ϕ β , h β )|β ∈ J} be partitions of unity subordinate to atlas C 
Proof Notice that suppτ * ω = τ −1 (suppω). Thereby τ * ω has compact support since ω has so. Now let {(U i , ϕ i )|i ∈ I} be an atlas of positively oriented charts of M and P = {g i |i ∈ I} a subordinate partition of unity with constants n U i . Then {(τ (U i ), ϕ i • τ −1 )|i ∈ I} is an atlas of positively oriented charts of N and Q = {g i • τ −1 } is a partition of unity subordinate to the covering {τ (U i )|i ∈ I} with constants n τ (U i ) . Whence, we get that 
Then we generalize the famous Stokes theorem on manifolds in the next. Proof By Definition 3.5, the integration on a smoothly combinatorial manifold was constructed with partitions of unity subordinate to an atlas. Let C f M be an atlas of positively oriented charts with an integer set H f M and P = {( U α , ϕ α , g α )|α ∈ I} a partition of unity subordinate to C f M . Since suppω is compact, we know that
and there are only finite nonzero terms on the right hand side of the above two formulae. Thereby, we only need to prove
Not loss of generality we can assume that ω is an n-forms on a local chart (U, ϕ) with compact support. Now write
where dx µ i h ν i h means that dx µ i h ν i h is deleted, where
Consider the appearance of chart U. There are two cases must be considered. On the other hand, by the fundamental theorem of calculus, Since ω µ in ν in has compact support, thus
Therefore, we get that 
